Experiments on the nontrivial collective dynamics and phase synchronization of populations of nonidentical chaotic electrochemical oscillators are presented. Without added coupling no deviation from the law of large numbers is observed. Deviations do arise with weak global or short-range coupling; large, irregular, and periodic mean field oscillations occur along with (partial) phase synchronization. DOI: 10.1103/PhysRevLett.88.238301 PACS numbers: 82.40.Np, 05.45.Xt The dynamics of populations of coupled chaotic oscillators have been extensively studied because of the possible relevance in physics [1] and biology [2] . For strong coupling identical synchronization [3] can occur. Even at small coupling strengths nontrivial collective behavior has been seen in simulations; that is, although the behavior of the individual oscillators remains chaotic, the behavior of the ensemble is more regular [4] . Globally coupled maps [5, 6] and ordinary differential equations (ODEs) [7, 8] have produced a rich spectrum of collective behavior including periodicity, low-dimensional quasiperiodicity, banded chaos, and high-dimensional chaos. The nontrivial collective dynamics have been found to occur simultaneously with phase synchronization [9] among identical [7] and nonidentical [8] oscillators in both locally [10] and globally [7, 8] coupled chaotic systems. The effect of heterogeneity has been shown to enhance collective behavior [11] . The interactions among elements can produce not only nontrivial collective dynamics but also a nonstatistical behavior: a breakdown of the law of large numbers [6] in which the variance of the mean field fluctuations ͑var h͒ does not depend on the number of elements ͑N͒ as 1͞N, but rather reaches a saturation value for large N.
The dynamics of populations of coupled chaotic oscillators have been extensively studied because of the possible relevance in physics [1] and biology [2] . For strong coupling identical synchronization [3] can occur. Even at small coupling strengths nontrivial collective behavior has been seen in simulations; that is, although the behavior of the individual oscillators remains chaotic, the behavior of the ensemble is more regular [4] . Globally coupled maps [5, 6] and ordinary differential equations (ODEs) [7, 8] have produced a rich spectrum of collective behavior including periodicity, low-dimensional quasiperiodicity, banded chaos, and high-dimensional chaos. The nontrivial collective dynamics have been found to occur simultaneously with phase synchronization [9] among identical [7] and nonidentical [8] oscillators in both locally [10] and globally [7, 8] coupled chaotic systems. The effect of heterogeneity has been shown to enhance collective behavior [11] . The interactions among elements can produce not only nontrivial collective dynamics but also a nonstatistical behavior: a breakdown of the law of large numbers [6] in which the variance of the mean field fluctuations ͑var h͒ does not depend on the number of elements ͑N͒ as 1͞N, but rather reaches a saturation value for large N.
In this Letter we present experimental confirmation of some of the theoretical and numerical results using a system of coupled chaotic chemical oscillators: we show the simultaneous development of macroscopic mean field oscillations and phase synchronization with global coupling and we investigate the variation of mean field oscillation with the number of elements for both weak global and short-range coupling. We also show how deviations from the law of large numbers can be used to study the relative importance of a short-range coupling.
The system used for the study is an array of nickel electrodes (1 mm diameter) in sulfuric acid. Current, proportional to the rate of reaction (nickel dissolution), is measured on each electrode at a constant applied potential. A schematic of the experimental setup and additional experimental details are given in Ref. [12] . The electrodes are arranged in an 8 3 8 geometry. Two arrays have been used with 1 and 2 mm spacing between the electrodes. For studies of a different number of elements, 1, 2 (neighbors), 4 (in 2 3 2 geometry), 16 ͑4 3 4͒, 36 ͑6 3 6͒, 49 ͑7 3 7͒, and 64 ͑8 3 8͒ electrodes were used. The base state for the experiments has very weak inherent coupling that is attained by adding individual external resistances to each electrode and by using a highly conductive electrolyte so that the potential drop in the electrolyte is very small relative to that in the external circuit. Global coupling is added with a series resistor; the coupling is global because the current on any electrode affects the potential drop on all electrodes equally. We use one series ͑R s ͒ and N parallel resistors ͑R p ͒ [12] . The total resistance is R tot R s 1 R p ͞N . By keeping R tot constant and changing the series resistance fraction, global coupling is imposed on the electrode array without changing other parameters in the system. The global coupling parameter is´ R s ͞R tot ;´ 0 denotes no added coupling and 1 maximal coupling. Short-range coupling is added via stirring at approximately 250 revolutions per minute with a magnetic stirrer (diameter: 8 mm, length: 39 mm) placed 45 mm below the electrode.
We previously used a similar experimental apparatus to explore the effects of strong global coupling where identical synchronization ͑´ 0.9͒ and dynamical clustering ͑´ 0.725͒ occur [12] . In this Letter we consider the effects of weak interaction ͑´# 0.2͒ and the resulting collective dynamics.
Consider first an array of 64 elements without added coupling (´ 0.0, no stirring). The dynamics of the individual elements exhibit some variation because of unavoidable differences in surface properties. The currents of most of the individual electrodes exhibit lowdimensional chaotic behavior. A typical time series is shown in Fig. 1a . The power spectrum (Fig. 1a , inset) is wide with a peak at f 1.24 Hz. The information dimension of the reconstructed attractor (Fig. 1b) is D 1 2.3 6 0.1 [13] . Because of the differences of the oscillators, in a typical experiment five to ten elements differ from that shown and exhibit either banded chaotic or noisy periodic behavior. (With added coupling the number of banded or periodic elements decreases and eventually becomes zero.) The gray scale plot of the individual currents (Fig. 1c ) reveals no obvious synchronization among the elements. We calculated the Hilbert phase [14] individual elements; the frequency of the jth oscillator is v j ͗df j ͞dt͑͘͞2p͒. The frequency distribution of the oscillators is presented in Fig. 1d ; the distribution is rather flat with a mean frequency of 1.219 Hz and standard deviation 18 mHz. The cyclic phase differences [Df j,k mod2p, where Df j,k ͑t͒ f j ͑t͒ 2 f k ͑t͒] have been calculated for all pairs (there are 64 3 63͞2 2016 such pairs) and the distribution is shown in Fig. 1e . This distribution has a shallow maximum likely due to the very weak coupling through the electrolyte. The dynamics of the mean field h͑t͒ 1͞N P N k1 i k ͑t͒ are shown in Figs. 1f and 1g . The time-series data show very little variation (standard deviation 13 mA, which is much smaller than for the individual current, 95 mA). Consequently, the reconstructed attractor is of high complexity and small radius (Fig. 1g) .
We now consider the addition of a weak global coupling, 0.1, still far from the region of identical synchronization. With this added coupling there is only a slight change in the dynamics of a single element. The time series of a single element (Fig. 2a) , the power spectrum (Fig. 2a, inset f max 1.23 Hz), and the reconstructed attractor ( Fig. 2b ) and its dimension ͑D 1 2.3 6 0.1͒ are similar to those of Fig. 1 . The collective behavior of the elements, however, changes dramatically with the added coupling. The gray scale plot of the individual currents (Fig. 2c) shows a more ordered structure than that foŕ 0.0. (Since the coupling is global, the ordering of the elements is arbitrary.) In the example being shown here, the frequencies of 63 of the oscillators are the same (Fig. 2d, v 1.230 Hz) and the remaining element has a frequency of 1.237 Hz. In some experiments at this coupling strength all the elements have the same frequency; in others one to three elements are off. The cyclic phase difference distribution (Fig. 2e) developed a maximum around a phase difference of zero. These data clearly indicate a qualitative change of the phase dynamics with added coupling and imply (partial) phase synchronization between the elements in the array. As a result of this phase synchronization the dynamics of the mean field have changed dramatically. The time-series data of mean field (Fig. 2f) reveal a nonvanishing, nearly periodic variation with a standard deviation of 73 mA.
The power spectrum (Fig. 2f, inset) exhibits a large peak at around f 1.230 Hz corresponding to the synchronized frequencies. The width of the peak is larger than that of an individual oscillator and there are very strong superharmonics at multiples of the inherent frequency. Small deviations from a limit cycle behavior in the phase space representation (Fig. 2g) have also been found in numerical simulations and have been attributed to finite size effects [8, 15] .
A series of experiments has been performed with changing the number of elements ͑N͒ and the coupling strengths to investigate the onset of phase synchronization and its effect on the mean field and also to check for the law of large numbers (Fig. 3) . Without added global ͑´ 0.0͒ or short-range coupling, the variance of the mean field scales with 1͞N (Fig. 3a) . Adding small coupling strength ͑´ 0.04͒ has a dramatic effect on the scaling law: even at a smaller number of elements there are deviations and a saturation of the variance occurs for N $ 36. At´ 0.1 the variance decreases only slightly with increasing N. For´ 1, identical synchronization, the variance is independent of N . Note that there is only a small change in the variance from the phase synchronized state at´ 0.1 where the mean current is almost periodic to the identical synchronized state at´ 1 where it is chaotic.
In Figs. 3b -3d results are presented for N 64 at different values of´. We characterize the extent of phase synchronization by three measures: (Fig. 3b) the variance of the mean field, (Fig. 3c ) the phase synchronization index [16] , and (Fig. 3d ) the coherence factor b [17] . With increasing the global coupling strength both the variance of the mean field and the synchronization index increase sigmoidally; the increases in the synchronization index and the variance of the mean field occur simultaneously. The coherence factor b similarly increases but undergoes a maximum at´ 0.1. The maximum is likely associated with the approximately periodic behavior of the mean field in this parameter range as shown in Fig. 2f . With additional increases of coupling strength above´ 0.1 the simple periodic character of the collective behavior breaks up and more complex chaotic-like variation is observed. Above´ 0.2 the Hilbert-transform approach of phase definition fails because the transformed data do not have an appropriate rotation. Therefore, the Gaussian phase [18] was used to show phase synchronization above´ 0.2.
We also investigated the effects of a short-range coupling on the dynamics. Experiments were carried out with and without stirring using two arrays with spacings among elements of 1 and 2 mm (Figs. 4a and 4b) . Without stirring, at spacings of both 1 mm (Fig. 4a ) and 2 mm (Fig. 4b) , no deviation from the law of large numbers is seen, which indicates the lack of coherence among the elements. With stirring, however, there is a significant saturation for N $ 16 for the array with shorter spacing (Fig. 4a) but not in that with larger spacing (Fig. 4b) . The space scale for the short-range coupling caused by the stirring is apparently in the range of 1 to 2 mm. The effect of this short-range coupling, however, is very weak as can be seen by a comparison with Fig. 3a .
We have presented experimental confirmation of nontrivial collective behavior and phase synchronization of an array of chaotic elements. Without added coupling the system followed the law of large numbers which indicated that the inherent coupling through the electrolyte (through potential drop, diffusion, and convection) is very weak. With the introduction of varying amounts of weak global coupling, nonvanishing, nearly periodic or irregular mean field oscillations were observed. These oscillations are associated with (partial) phase synchronization.
The chaotic oscillations are phase coherent and low dimensional [13] . (Similar dynamics are found in other, but not all, electrochemical systems [19] .) The potential is an activator, through which there is positive feedback. The coupling is mainly through the series resistor and the electrolyte potential drop; thus we have an activator coupled ensemble of phase coherent oscillators. Numerical studies on weakly coupled logistic maps have shown a violation of the law of large numbers and a crossover lattice size above which the fluctuations of the mean field are constant [6] . In the experiments described here we have seen the violation of the law of large numbers and size independent fluctuations. These fluctuations are, in general, attributed to the emergence of some order. Simulations with globally coupled Rössler oscillators have shown that the emergence of order can occur through (partial) phase synchronization; nearly periodic mean field oscillations are observed [7, 8] . The experiments confirm the existence of phase synchronization and nearly periodic mean field oscillations. We have shown that many of the features predicted by the models of coupled maps and ODEs are seen in experiments with electrochemical oscillators; it is likely that other physical and chemical systems of weakly coupled low-dimensional chaotic oscillators will exhibit similar dynamics.
ODE models with local coupling have also shown transitions to phase synchronization [20] and the occurrence of regular mean field oscillations [15] . In the experiments we added very weak local coupling through stirring; stirring in reactive systems can impose either a short-range coupling through transport among sites or global coupling through the capacitance of the bulk solution. The effect of the latter on dynamics of fluid/solid systems has been previously investigated [21] . In electrochemical systems the space scale of the coupling has not been so thoroughly explored. The experiments show that added weak local interactions do affect the dynamics and produce sizeindependent mean field fluctuations. These results imply that the test for the law of large numbers can be an efficient tool for characterizing very weak coupling between the elements in the array and possibly for revealing new coupling mechanisms in dynamical systems. This work was supported by the National Science Foundation (CTS-0000483) and the Office of Naval Research (N00014-01-1-0603).
